THE NONCOMMUTATIVE CHOQUET BOUNDARY OF 
PERIODIC WEIGHTED SHIFTS 



MARTIN ARGERAMI AND DOUGLAS FARENICK 

Abstract. The noncommutative Choquet boundary and the C*-envelope of 
operator systems of the form Span {1, T, T*}, where T is a Hilbert space opera- 
tor with normal-like features, are studied. Such operators include normal oper- 
ators, fc-normal operators, subnormal operators, and Toeplitz operators. Our 
main result is the determination of the noncommutative Choquet boundary for 
an operator system generated by an irreducible periodic weighted unilateral 
shift operator. 



1. Introduction 

If Y is a compact Hausdorff space and C(Y) is the Banach space of all continuous 
complex-valued functions on Y, then the Choquet boundary of a linear subspace 
J- C C{Y) that contains the constants and separates the points of Y is the subset 
dcJ 7 C Y of all y G Y for which the point-mass measure S y on the Borel sets of Y 
is the only Borel probability measure p on Y for which f(y) = J x f dpi for every 
/ S T. Motivated by the use of the Choquet boundary in the analysis of spaces of 
continuous complex- valued functions (as in [3D] , for example) , W. Arveson initiated 
the study of analogous objects in the setting of matricially ordered vector spaces 
X of bounded linear operators acting on complex Hilbert spaces H [TJ [2] ■ 

A notion that is central in Arvesons's work and its subsequent application is 
that of a boundary representation. A boundary representation for a unital operator 
space X c B(H) — that is, a subspace X c B(H) with lg(^) £ X — is a unital 
C*-algebra representation p : C*{X) — > B(H P ) such that 

(1) p is irreducible and 

(2) for any unital completely positive (ucp) linear map ip : C*(X) — > B(H P ) 
with ij)\ x — p\ x we have tjj = p (i.e. p\ x has a unique completely contractive 
extension to C*(X), namely, p). 

If dcX denotes the subset of the spectrum of C*(X) consisting of the unitary- 
equivalence classes p of boundary representations p for X, then the ideal &x C 
C*(X) defined by 

<&x = P| kerp, 
ped c x 

is called the Silov ideal for X. A unital operator space X C B(TL) is said to 
have a noncommutative Choquet boundary if the canonical quotient homomorphism 
C*(X) — y C*(X)/&x is a complete isometry on X, in which case the subset 3qX 
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of the spectrum of C*(X) is called the noncommutative Choquet boundary of X. 
If X has a noncommutative Choquet boundary, then the C*-algebra C*(X)/&x is 
called the C* -envelope of X, which we denote by Cl(X). An important theorem 
of Arveson [4] asserts that every separable unital operator space X C B(H) has a 
noncommutative Choquet boundary. 

The C*-envelope C*(X) of a unital operator space X can be viewed as the 
smallest C*-algebra that is generated by (a copy of) X; concretely, (C*(X),i) is 
a C*-envelope for X if C* e (X) is a C*-algebra and b : X — > C*(X) is a complete 
isometry such that whenever (ft : X — > A is a complete isometry into a C*-algebra 
A, there exists an epimorphism of C*-algebras tt : C*(tft(X)) — »• C*(X) such that 
it o <fr = l. It follows easily from this definition that the C*-envelope of X is unique 
up to isomorphism of C*-algebras. 

It is not easy, in general, to determine the C*-envelope of a given unital operator 
space. There is, however, a substantial literature for the case in which X is an 
operator algebra (for example, O [5j [101 [17] ) . But our focus in this paper is in the 
realm of single operator theory, as we consider the smallest possible unital operator 
spaces (namely, those of the form Xt ■— Span {1, T} for some operator T e B(7i)). 

Because completely contractive linear maps <ft : X — s> £>(/C) of a unital operator 
space X C B(H) extend to completely positive linear maps (ft of the operator system 
X + X* via (f> (X+Y*) = <j) (X)+<j) {Y)* 19, Proposition 2.12], X and X + X* have 
the same boundary representations. Therefore, we shall mainly consider operator 
systems. In particular, if T € S(H), then 

S T = Span{l, T,T*} 

is the operator system generated by T. Such an operator system generates a unital 
C*-algebra, namely C*(St), which we sometimes denote by C*(T). 

A linear map (ft : S — > T of operator systems S and T is a complete order isomor- 
phism if <ft is a linear isomorphism and both (ft and (ft" 1 are completely positive. If (ft 
is a unital linear isomorphism, then (ft is a complete order isomorphism if and only if 
(ft is a complete isometry [THl Proposition 13.3]. A straightforward application of the 
definition of the C*-envelope shows that every unital complete order isomorphism 
(ft : S — > T extends to a unital C*-algebra homomorphism tt : G%{S) — > C*(T). 

Our primary objective is to determine OqSt and C*(St) for irreducible periodic 
weighted unilateral shift operators T. But to do so, it is useful to first consider the 
case of normal operators, followed by the case of operators that display normal-like 
properties. While the results on normal operators are surely known to experts, 
we have not seen an explicit discussion of this case in the literature, and so we 
present a self-contained treatment here, giving particular emphasis to the role of 
the numerical range and spectrum in obtaining such results. 

2. Preliminaries 

Notation 2.1. For an operator system S C B(TL), the canonical quotient homo- 
morphism C*(5) -4- C*(S)/&s is denoted by q e , and t e = <7 e |s denotes the ucp map 

s^c*(s)/e s . 

Note that, by definition, S has a noncommutative Choquet boundary if and only 
if l c is a completely isometric embedding. 

Lemma 2.2. C*(S T ®M m (C)) = C*(S T )® M m (C) for every T 6 B{U) and me N. 
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Proof. We can identify St <8> M m (C) canonically with M OT (5r), and C*(St) <8> 
M m (C) with M m (C*(iSr)). And so our assertion reduces to the also canonical 
identification of M m (C*(S T )) with G*(M m (S T )). □ 

The ideal 65 is not an invariant of the operator system S, as it depends on the 
concrete representation of S; still it plays a crucial role in Arveson's theory. An 
easy but key fact that motivates this significance is as follows: 

Lemma 2.3. For any m e N, there is a canonical isometric embedding (as C* - 
algebras) 

M m (C*(S)/6 s ) J] M m (p(C*(S))) 

p&dcS 

X + M m (6 s ) l (p {m) (X)) p 

Proof. We define 

f m (X + M m {& s )) = [] P {rn) (X), XeM m (C*(S)). 

Note that f m is clearly linear, multiplicative, and ^-preserving. Also, 

p (m) (x) = V P P (X hk ) = 0, Vp, Vh, k 

X hk G & s , V7i, k 
^ X e M m (6 s ), 

which shows that f m is both well defined and one-to-one. □ 

We shall also compare our analysis of Xt '■— Span {1, T} with that of the norm- 
closed algebra generated by T. 

Definition 2.4. For any operator T e B(TL), the operator algebra generated by T 
is the subalgebra Vt C B(H) given by the norm closure of all operators of the form 
p(T), for polynomials p G C [t\. 

As mentioned in the Introduction, most of the focus on C*-envelopes in the lit- 
erature is on operator algebras, while here we focus on operator systems. Although 
Xt and Vt generate the same C*-subalgebra of 13(H), they do not necessarily 
have the same C*-envelopes. Explicit examples of this occur in Example 13. 41 when 
|A| < 1/2, and for operators T = T* with |<r(T)| > 3 (see Proposition [OJ . 

3. Numerical Range and Spectrum 

We will see below how the numerical range W(T) and spectrum o~(T) of T 
capture information about the boundary representations of St- By numerical range 
we mean the compact convex set 

W(T) = {(j)(T) : is a state on S T } , 

It is well known that the set 

W S (T) - {(T&O : eeH, ||e|| = l} 

is convex and dense in W(T). 



Proposition 3.1. Let T G B(U), A G C. 
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(1) If A = p(T) for some p £ OqSt, then A £ cr(T) n e?W(T)j and A is an 
extreme point of W(T). 

(2) Assume that A £ o~(T) PidW(T). If X is an extreme point ofW(T) and if 
the commutator [T*,T] = T*T — TT* is positive, then A = p{T) for some 
p G d c S T - 

Proof. To prove ([lj, note first that we have p(T — Al) = 0. As p is unital and 
multiplicative, this shows that A £ o~(T). Also, since p(T) is scalar, we have that p 
is a state on St, and thus A £ W(T). After we prove that A is an extreme point of 
W{T), we will know that A £ dW{T). 

Let <j> = p\s T - Suppose that Ai,A2 £ W(T) and that A = ^Ai 4- \\2- As 
every state on St extends to a state on C*(St) (by the Hahn-Banach Theorem 
and some positivity considerations), there are states <j)\ and 02 on C*(St) such that 
Aj = 4>j(T), j = 1,2. Thus, the state ip = ^fii + ^fo is an extension of cj> to C*(St)- 
Because p is a boundary representation for St, i/j = p. That is, p = \§\ + w2- But 
since p is a pure state (because it is multiplicative), we deduce that 4>x = 4>2 = p; 
hence, Ai = A2 = A, which implies that A is an extreme point of W(T). 

For the proof of ([2]), the hypothesis A £ o-(T) n dW(T) implies that there is a 
homomorphism p : C*(St) — > C such that A = p(T) l] Theorem 3.1.2]. Assume 
that A is an extreme point of W(T) and that [T* , T] = T*T - TT* is positive. Let 
(j> = p\s T and suppose that $ is any state on C*(T) that extends <j). Via the GNS 
construction, there are a Hilbert space T~L n , a representation n : C*(St) — > B(H n ), 
and a unit vector ^ £ such that $(A) = {n(A)£,£) for every A £ C*(St)- 
In particular, A = (7r(T)^,^). Now since the numerical range of 7r(T) is a subset 
of the numerical range of T, A is an extreme point of W(w(T)). Moreover, as 
[7r(T)*,7r(T)] = n([T*,T]) is positive, W(tt(T)) coincides with the convex hull of 
the spectrum of 7r(T). Hence, the equation A = {tt(T)£,£) together with A £ 
a (tt(T)) n dW(n(T)) imply that vr(T)£ = A^ and n(T)*£ = A£ 16, Satz2]. Thus, 
$ is a homomorphism and agrees with p on the generating set St', hence, $ = p 
and so p is a boundary representation. □ 



It is interesting to contrast (HJ of Proposition ^. ll with Theorem 3.1.2 of [Tj, which 
states that if A £ cr(T) n dW(T), then A = p(T) for some boundary representation 
p for Vt- In this latter assertion, there is no requirement that A be an extreme 
point of W(T), and this is one way in which we see that the operator spaces Tt 
and St differ fundamentally. 

In general a spectral point A £ cr(T) that also happens to be an extreme point 
of W(T) does not give rise to a boundary representation (which explains the extra 



hypothesis in assertion ^ of Proposition ^. 1[) . For example, with T 



1 




the vectors £ = e^ and r\ = \J\{e\ + give rise to states p(X) = £) and 

ip{X) = (Xr),rj) on C*(T) such that p(T) = ^>(T) = | £ ext W(T) ncr(T); however, 
p is a representation of C*(T) whereas ip is not. 



In Theorem 13.21 below, numerical range considerations allow us to completely 
characterise one-dimensional boundary representations for direct sums of operators. 
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Theorem 3.2. Let T = C @B(Uj), where m € N and k e = 1 for a fixed 



t. Let ir e : C*(T) 



be the irreducible representation induced by Q Tj t-> Tg . 



Then tt£ is a boundary representation if and only if Tg g" Conv(J W(Tj). 
Proof. Let us denote A = Tt, and ttj : C*(T) — > B("Hj) the representation 01j i-)- 

Assume first that A G ConvU W(Tj). Therefore, for each j = l,...,m 
with j / I there exists a state ipj on C*(Tj) such that A = Y]j-j-( ct^jjTj) for 
some convex coefficients u\, . . . , on-\, Qff+i . . . , a m . Define a state '0 on C*(T) by 



Because tp(T) = A, we obtain ip\s T — n i\s T - Now choose some 



j with ctj =^0. Then > ajipj(lj) 



> 0. But, as j ^ £, 7r^(lj) = 0; thus, 



7r^|5 T admits a ucp extension from St to C*(<St) other than m, and so 71^ is not a 
boundary representation for St- 

Conversely, assume that A ^ ConvM ■ ,^ W(Tj). Choose any state <j> ° n C*(St) 
for which 4>\s T — Tig\s T ', that is, cj> is a state such that </>(T) = A. The numerical 
range W(T) of T is the convex hull of the numerical ranges W(Tx), . . . , W(T m ). 
As W(T^ ) = {A} and A is not in the convex hull of the other numerical ranges we 
have that W(T) is the convex set generated by the convex set ConvUj m W(Tj) 
and the external point A; so A is a point of nondiffcrcntiability on the boundary of 
W(T). By the GNS decomposition, there are a Hilbert space 1-1$ , a representation 
■3 : C*(S T ) -> B(H#), and a unit vector £ E H# such that tj>{A) = (ti(A)£,£) for 
every A £ C*(St). In particular, A = (i?(T)£,£). Because the numerical range of 
i?(T) is a subset of the numerical range of T, A is also a point of nondifferentiability 
on the boundary of W(-d(T)); therefore, A is necessarily an eigenvalue of #(T) 
( [ITl Theorem 1]). Moreover, because this eigenvalue A lies on the boundary of 
the numerical range of #(T), the equation A = ($(T)£, £) implies that #(T)£ = A£ 
and #(T)*£ = A£ [16, Satz 1,2]. That is, is a homomorphism and it agrees 
with 7T^ on St', hence, <f> = 717 on C*(<St), which proves that ng is a boundary 
representation. □ 

Remark 3.3. A characterisation of boundary representations of higher order ap- 
pears in Theorem 15.41 The implications of Theorems 13.21 and 15.41 to direct sums of 
operators and to Jordan operators in particular will be explored in a further article. 

Example 3.4. For each A <E C, let T x S M 3 (C) be given by 

1 
1\ = 
A 



c *(s Ta ) 



Then 

' M 2 (C) if |A| < 1/2 

M 2 (C) ©C if |A| > 1/2 

Proof. The C*-algebra generated by S Tx is M 2 (C) © C. Let tt : C*{S Tx ) ->• C 
be the map that sends each X G C*(St x ) to its (3,3)-entry. Thus, tt is an irre- 
ducible representation of C*(St x ) on the 1-dimensional Hilbert space C. Another 
irreducible representation of C*(St x ) is the map p : C*(St x ) — > M2(C) given by 

1 

Up to unitary equivalence, tt and p are 



p(X) = V*XV, where V 
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the only irreducible representations of C*(St x ), and so at least one of these two 
must be a boundary representation. In fact, regardless of the choice of A, p is al- 
ways a boundary representation, for it were not, then tt would necessarily be the 
only boundary representation for St x , which implies that the Silov ideal would be 
given by &s Tx — ker7r = M2(C) © {0}; but if this were true, then the quotient 
C*(St x )/&St x would be the 1-dimensional algebra C, which would not contain a 
copy of the 3-dimensional operator system St x ■ Hence, p is a boundary representa- 
tion and the only question to resolve is: for which A is tt a boundary representation? 
To answer this, it is enough to use Theorem 13.21 and to note that the numerical 

is the closed disc of radius 1/2 centred at the origin. □ 



range of 







4. Normal Operators and Operators with Normal VK-Dilations 

If T is a normal operator, then C*(T) is abelian; hence, so is C*(iSt), as it is 
the image through an epimorphism of C*(T). We will analyse more carefully which 
abelian C*-algebras arise in such cases, and we will show that certain non-normal 
T have abelian C*-envelopes (even though in these cases C*(T) is non-abelian). 

It is well known that positive maps need not be completely positive, but there 
is a useful "automatic complete positivity" result that we will make use of. 

Proposition 4.1. (p~9| Theorem 3.9]) If <fi '■ S — > T is a positive linear map of 
operator systems, and ifT is an operator subsystem T C A of an abelian C* -algebra 
A, then <f> is completely positive. 

A function system on a compact Hausdorff space Q is a subset J- C C(Q) such 
that: (i) J 7 is a vector space over C, closed in the topology of C(f2); (ii) /* G T, 
for all / G T; (iii) 1 6 J (the constant function x h-> 1); and (iv) T separates 
the points of K . By the Stone- Weierstrass Theorem, the C*-subalgebra of C(f2) 
generated by J 7 is precisely C(f2) itself. 

A boundary for J 7 is a closed subset Oo C f2 such that for every / G T there is a 
t,Q G fio such that ||/|| = |/(£o)|- By a theorem of Silov, there is a smallest compact 
subset dgJ- of f2 that is contained in every boundary of T and is itself a boundary 
of T . The set d^T is known classically as the Silov boundary of IF. In the language 
of C*-envelopes, Silov's theorem takes the following form: 

Theorem 4.2. (Silov) If T is a function system on £1, then C*(J-") = C(ds'F). 



While for general normal operators there is a great variety of possible operator 
systems and C*-envelopes, the case of selfadjoint operators is totally rigid: 

Proposition 4.3. IfT = T* , then C*(S T ) = CfflC. 

Proof. One can deduce the conclusion from Proposition 13.11 and the fact that the 
numerical range of T is a line segment (and thus has exactly two extreme points) , 
but we feel the following direct proof is more instructive. 

As C*(T) ~ C(ct(T)) as C*-algebras, this isomorphism restricts to a complete 
isometry on St- So C*(cSt) = C*(5 Z ), where z is the function z : t t in C(a(T)). 

So we want to identify the boundary representations of S z in C(a(T)). Since 
C(a(T)) is an abelian C*-algebra, each of its irreducible representation is one- 
dimensional, i.e. a character, and it is given by point evaluation. 
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As cr(T) is a compact subset of K, it has a minimum and a maximum, say to 
and ti, and every point in u(T) is a convex combination of to and t\. Given any 
t G er(i) with to < f < ti, there exists a G (0, 1) with t — ato + (1 — ot)t\. The 
irreducible representation associated with t is the map 7r t : / i— >• /(£) in C(o~(T)). 
Now consider the state ^ : / h-> a/ (to) + (1 — a)f(t%) on C(a(T)). By considering 
some / £ C(a(T)) with /(to) = 1, /(*) = 0, we see that 7r< 7^ t/>. But 7r t and i/> 
agree on iSz; indeed,: if / = f3 + -fz, 

$(f) = a{p + 7 t ) + (1 - a) 08 + 7*0 = /3 + 7(0*0 + (1 - a)ti) = /? + 7* = tt { (/). 

So 7r t |5 z admits an extension other than ir t (provided that t 7^ to,ti), which shows 
that ir t is not a boundary representation for <S 2 . 

The only remaining candidates for boundary representations are ir to and 7r 4l . 
Both must be boundary representations because the C*-envelope necessarily con- 
tains a copy of St and so it has dimension at least 2. By Lemma [2~3l we conclude 
that C*(S Z ) =C©C. □ 

Corollary 4.4. All two-dimensional operator systems are isomorphic. 

Proof. It is easy to see that a two-dimensional operator system has a selfadjoint 
generator T. By Proposition 14.31 C*(5t) = C 2 . This implies that there exists a 
unital complete isometry ip : St — > C 2 . The image of ip is two-dimensional, so ip is 
onto, and then St — C 2 as operator systems. □ 



Definition 4.5. Assume that N G £?(%) is a normal operator. The function system 
associated with iV is the operator subsystem J-^ C C(a(N)) defined by 



T N = Span{l,r(A0,r(7V)}, 

where T : C*(N) — > C(a(N)) is the Gelfand transform. 

Proposition 4.6. If N G B{H) is normal then C* C {S N ) = C(9 s ^)v)- 

Proof. Note that C*(S N ) = C*(N). The Gelfand transform T : C*(N) -> C*(cr(A^)) 
is an isomorphism of C*-algebras and so the restriction of T to Sn is a unital 
completely isometric linear map of Sn onto the operator subsystem J-jv C C(a(N)). 
Thus, T\s N is a complete order isomorphism and, hence, C*(Sn) = C*(J-jv) = 
C(9 s ^iv). ^ " □ 

Corollary 4.7. J/ {J is a unitary operator, then Cl(Sjj) = C(cr(U)). 

Proof. By definition, the Silov boundary of the function system J-jj is a compact 
subset of <j(U). Therefore, Proposition 14.61 shows that we need only prove the 
inclusion a(U) C dsJ-u- To this end, select A G <j{U) and consider the function 
fx G T\j defined by 

/a(a«) =/i + A,/i£ a(U). 

For any z G T, |/a(z)| is the Euclidean distance between 3 and —A, and so the 
maximum modulus of f\ on T is attained at A and |/a(A)| > | /a (/•*)! f° r every 
At G a{U) \ {A}. Hence, A G dsTij. □ 

Corollary 4.8. If U is a unitary operator with cr(U) = T, then C*(<S[/) = C(T). 
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There are many operators that behave like normals when one is considering only 
their numerical range and spectrum. The following definition is meant to capture 
such a situation. 

Definition 4.9. An operator T e B(T~L) has a normal W-dilation if there is a 
Hilbert space K, containing % as a subspace and a normal operator N G B{K) such 
that: 

(f) N is a dilation of T (that is, T = PhN\h, where P% £ £>(/C) is the projec- 
tion of K, onto H ), and 
(2) W(T) = W{N). 

The class of operators with normal VK-dilations includes all Toeplitz operators 
on the Hardy space H 2 (T) and all subnormal operators [15] . 

Proposition 4.10. If N is a normal W -dilation of T , then Sn and St are com- 
pletely order isomorphic. 

Proof. Assume that JC D % and that N e B(tC) is a normal W-dilation of T e B(U). 
Define ifj : Sn — > St by tp(R) = PhR\h, which is a ucp map that sends N to T. 
Now define a linear map <f> : St — > Sn by 

(j) (orl + f3T + jT*) = al+ [3N + 7 7V* , for all a, [3, 7 e C . 

As a linear transformation, cf> = t/j^ 1 . Thus, it remains to prove that (f> is completely 
positive. First note that the hypothesis W(T) = W(N) implies that, for R € St, 
4>(R) is positive if and only if R is positive. Hence, is a positive linear map. 
The range of <fi is Sn, which is an operator subsystem of the C*-algebra C*(N). 
Because the C*-algebra C*(A^) is abelian, all positive linear maps into C*(iV) are 
completely positive (Proposition 14. f I) . In particular, <f> — t/j" 1 must be completely 
positive, which is to say that ip is a complete order isomorphism. □ 

Corollary 4.11. IfT e B(H) is a contraction such that T C a(T), then C* C {S T ) = 
C(T). 

Proof. Every contraction has a unitary dilation |I5| ; explicitly, one such unitary 
dilation U is given by 

T (I — TT*) 1 / 2 ' 

The condition T C <x(T) implies, therefore, that W(T) and W(U) coincide with the 
closed unit disc and that a(U) = T. Hence, Proposition 14.101 asserts that Sjj and 
St are completely order isomorphic, and so C*(St) = C*(«S[/)- Corollary 14.71 yields 
C* e (Su) = C(T). ' ' □ 

Recall that an isometry V is proper if V is not unitary. 

Corollary 4.12. If V is a proper isometry, then C*(5y) = C(T). 

Proof. By the Wold Decomposition, the spectrum of a proper isometry V necessar- 
ily contains T. □ 

As was mentioned above, for any operator T one has an epimorphism 7r : 
C*(T) — > C*(«Sr)- Whenever this it is not an isomorphism the Silov ideal, be- 
ing the kernel of 7r, is nontrivial; in particular, C*(T) cannot be simple. Using this 
straightforward idea, we deduce the following fact from the results of this section: 



U = 
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Corollary 4.13. Let T be an operator that is not a scalar multiple of the identity, 
and such that any of the following holds: 

(1) T has a normal W -dilation; 

(2) T is a Toeplitz operator on H 2 (T); 

(3) T is subnormal; 

(4) T is a contraction with T C o~(T); 

(5) T is a proper isometry. 

Then C*(T) is not simple. 

5. FlNITE-DlMENSIONAL BOUNDARY REPRESENTATIONS 

Finite-dimensional irreducible representations of C*(St) play a role similar to 
that of an eigenvalue for an operator. We show in this section that such a repre- 
sentation p is a boundary representation for St only if p(T) is an extremal element 
in a certain convex set. 

Definition 5.1. Let V be a complex vector space and assume that &k C M k (V) is 
a nonempty set, for every k G N. Let & = (M.k)keN- 

m 

(1) The sequence 8. is matrix convex in V if, for every k, ~S~^AjXjAj G M. k , 

i=i 

m 

whenever m G N. Xj G ftn j} Aj G M njtk (C), and A*Aj = 1 G M fe (C). 

(2) An element X € &k is a matrix extreme point of a matrix convex set A 

m 

in V if the equation X = A*XjAj, where Xj G , Aj G Al nji k(C) 

3 = 1 

m 

of rank nj, and ~^^A*Aj = 1 G Affe(C), holds only if each nj — k and 
.7=1 

there are unitaries U\,...,U m G Affc(C) such that Xj — U*XUj for all 
j = l,...,m. 

We shall be interested in the matricial range of an operator, which was introduced 
by Arveson in [2] and which received subsequent study in, for example, [21 IS1 I^Tj. 

Definition 5.2. The matricial range of an operator T G B{H) is the sequence 
W(T) = {W k {T)) km of subsets W k {T) C M k (C) defined by 

W k (T) = {(j){T) : <f>:S T ^ M k (C) is a ucp map } . 

It is well known that each W k (T) is compact and that W(T) is matrix convex 
in V = C. The set W±(T) coincides with the numerical range of T. 

Definition 5.3. If S and T are operator systems and <fi,ip : S — > 1~ are completely 
positive linear maps such that (j) — ip is completely positive, then tp is said to be 
subordinate to <j), which is denoted by ip < cp (f>. If, for given <p, the only completely 
positive maps ip that are subordinate to <fi are those ip of the form ip = t(p for some 
t G [0, 1] C then <p is said to be pure. 

A completely positive linear map <p : A — > B(KP), where is A is a unital C*- 
algebra, is pure if and only if the representation 7r that arises in the minimal Stinc- 
spring decomposition of (f> is irreducible [TJ Corollary 1.4.3]. In contrast, very little 
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can be said in general about pure maps of operator systems that are not C*-algebras, 
and it is in general very difficult to identify which completely positive linear maps 
of an operator system are pure. However, for operator systems of the form St, a 
ucp map 4> : St — > -Mfe(C) is pure if and only if <p(T) £ Wk(T) is a matrix extreme 
point of W(T) [H Theorem 5.1]. 

Theorem 5.4. Suppose that T £ B(U) and that p : C*(T) -» M fe (C) is an irre- 
ducible representation. 

(1) If p is a boundary representation for St, then p(T) is a matrix extreme 
point of W(T) and p\s T is a pure ucp map St — > M k (C). 

(2) If C*(T) is k-subhomogeneous and if p\s T is a pure ucp map of St — 
A/fe(C), then p is a boundary representation for St- 

Proof. Assume that p is a boundary representation for St- Let A = p(T) and 

TCI 

suppose that A = ^^AjQjAj for flj £ W rlj (T) and nj x fc matrices A, of rank 

i=i 

TCI 

rij satisfying ^^A*Aj — 1. As Qj £ W nj (T), there are ucp maps cpj : C*(T) — » 

j=i 

M nj (C) such that (pj(T) = ilj, and so the matricial state <p = J^j A*4>jAj, whereby 
X \-> J2j A*(f>j(X)Aj, is a ucp extension of p\s T - By hypothesis, (p must equal p; 
hence, for each j, 

AjcPjAj < cp p. 

Since p is an irreducible representation, it is pure as a completely positive linear 
map of C*(T) into M k {C) Q] Corollary 1.4.3]. Thus, there are tj £ [0, 1] such that 

Aj^Aj = I, p. 

Let Uj = tJ 1/2 A r Then evaluation at 1 e C*(T) gives us U*Uj = 1 G M fe (C). So 
Uj is isometric and has rank fc; we knew that Aj (and so t/j) has rank rij, and we 
conclude that nj = k. Then Uj £ Mfe(C) is a unitary. But U*(pjUj = p implies that 
ilj = UjAU* for each j, which shows that A is a matrix extreme point of W(T). 
Therefore, by [TU Theorem 5.1], p\ Sr is a pure ucp map St — > Mfe(C). 

Conversely, suppose that G*(T) is fc-subhomogeneous and that p\ Sr is a pure 
ucp map of St — > Mk(C). Let C p be the BW-compact, convex set of of all ucp 
maps rp : C*(T) -> M k (C) that extend p\ Sr . By the proof of [H Theorem B], 
every extreme point cp of C p is a pure matrix state of C*(T), and so we need only 
show that the only pure extension cp of p\s T to C*(T) is = p. To this end, let 
<p = v*nv be a minimal Stinespring decomposition of 0, where it : C*(T) — > B{%- n ) 
is a representation and v : C fe — s> H w is an isometry. Because cp is pure, 7r is 
necessarily irreducible [1] Corollary 1.4.3]. Hence, dim'H 7r < fc, as C*(T) is fc- 
subhomogeneous. But because v is an isometry, necessarily dim 7^ = fc. Thus, v 
is a unitary; it follows that <p — v*nv is multiplicative; as it agrees with p in the 
generating set St, we get that (p = p. □ 

An operator T £ B(H) is k-normal if any elements X%, . . . ,X2k in the von 
Neumann algebra Ar generated by T, satisfies 

2J e(r)A T ( 1 ) • • • A T ( 2fe ) =0, 
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where §2fc denotes the group of permutations on {1, . . . , 2k} and e(r) denotes the 
parity (even or odd) of a permutation r. Because the C*-algebra generated by a 
A:- normal operator is fc-subhomogeneous [TJ, we obtain the following result: 

Corollary 5.5. If T is a k-normal operator, then the following statements are 
equivalent for a representation p : C*(T) — > Mfc(C): 

(1) p is a boundary representation for St ; 

(2) p(T) is a matrix extreme point o/W(T); 

(3) p\s T is a pure ucp map. 

6. Irreducible Periodic Weighted Shift Operators 

In this section we present the main result (Theorem 16.51) of the paper. The 
operators we consider are irreducible periodic weighted unilateral shifts on ^? 2 (N); 
however, it is instructive to consider first the case of unilateral weighted shifts on 
finite-dimensional Hilbert spaces. 

d 

Definition 6.1. If C* := C \ {0} and £ = V^e* g (C*) d , then the irreducible 

i=l 

weighted unilateral shift with weights £i, . . . , £<j is the operator W(£) on C d+1 given 
by the matrix 

" 

a 
6 '■■ 

'■• 

£d _ 

Proposition 6.2. The C* -envelope of an irreducible weighted unilateral shift acting 
onC d+1 isMd+i(C). Furthermore, if£,,r/ G (C*) d , then the operator systems Sw(£) 
and Sw(- n ) are unitally completely order isomorphic if and only if |£ = \rj\, where, 
for v G C d , \v\ G denotes the vector of moduli of the coordinates of v . 

Proof. If ^ G (C*) d , then the operator system Sw(£) is irreducible and, hence, 
C*(Sw(£)) = Md+i(C), which is simple. Therefore, the Silov boundary ideal for 
Sw(£) is necessarily trivial and so C*(<Svk(?)) = C*(iSvK(^)) = Md+iifC). 

Assume now that there is a unital complete order isomorphism <j) : S\y(£) ~* 
Sw(n)- As both W(£) and W(r)) are irreducible, <f> is necessarily implemented by 
an automorphism of Md+i(C) |2J Theorem 0.3]; that is, there is a unitary U such 
that W{£) = U*W(r/)U. But W(£) and W(rj) are unitarily similar if and only if 
|£| = |?7| (by direct computation or by applying [T2l Theorem 3.2]). □ 

Returning to the case of irreducible p-periodic weighted unilateral shifts on € 2 (N), 
the image of any such operator in the Calkin algebra generates a p-homogeneous 
C*-algebra, and in this case Theorem l5.4l (or Corollary [53]) could be invoked. How- 
ever, Theorem 15.41 is an abstract characterisation which yields limited information 
in specific cases. Therefore, this section aims to give full information about the non- 
commutative Choquet boundary and the C*-envelope of Sw for irreducible periodic 
weighted unilateral shifts W . 
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Definition 6.3. A weighted unilateral shift operator is an operator W on £ 2 (N) 
defined on the standard orthonormal basis {e n '■ n 6 N} of £ 2 (N) by 

We„ = w n e n+ i , n £ N, 

where the weight sequence {w B }„ e j for W consists of nonnegative real numbers 
with sup n w n < oo. If there is a p £ N such that w n + p = w n for every n £ N, 
then W is called a periodic unilateral weighted shift of period p. If at least one of 
Wi, . . . , w p is not repeated in the list, we say that W is distinct. 

Proposition 14. 121 demonstrates that the C*-envelope of the operator system Sw 
generated by a periodic unilateral weighted shift operator W of period p = 1 is the 
abelian C*-algebra C(T). To determine the C*-envelope of an irreducible periodic 
unilateral weighted shift operator of period p > 1, a notion related to matrix 
convexity comes into play. 

Definition 6.4. Assume that £ C Mfe(C) is a nonempty set. 

m 

(1) £ is C*-convex if ^ A *j X j A 3 e £ f or ever V m € N, -Xi, . . . , X m £ £, and 

3=1 

Ai, . . . , Am E Mfc(C) satisfying V" A*A> = 1. 

3=1 

(2) An element X £ € is a C*-extreme point o/ a C* -convex set £ z/ i/ie egtta- 

m 

fcion X = A*XjAj, for Xi, . . . , X m E £ and invertible A\, . . . , A m £ 

3=1 
m 

Mfc(C) wf/i -^jA? = 1' implies that there exist unitaries Ui, . . . , f/ m £ 
3=1 

Mfc(C) suc/i i/iai = U* XUj for all j = 1, . . . , m. 

Theorem 6.5. Assume £/ia£ / W £ ,B(£ 2 (N)) is an irreducible periodic distinct 
unilateral weighted shift with smallest period p. Then C*(Sw) — C(T) ® M p (C) 
and© Sw . =/C(£ 2 (N)). 

Proof. We will assume that iu p g" {wi,...,w p _i}; one such weight exists by 

being distinct; we will assume that it is w p because it simplifies the writing a little, 

but the same idea can be used with any other weight. By periodicity and the fact 
p 

that ^ 2 (N) = ^^^ 2 (N), we may express W as p x p matrix of operators acting on 
l 

£ 2 (N) [51 first paragraph in the proof of Theorem 2.2]: 



W = 



where unspecified entries of the matrix above are zero and S £ B (^ 2 (N)) denotes 
the unilateral shift operator. The operator system Sw is an operator subsystem of 
S S ®M P {C). 







w p S 





102 1 
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We aim to show first that C*(W) — C*(Ss <£> M P (C)). Of course we already 
have the inclusion C*(W) C C*(Ss <%> M P (C)), and so we consider the converse 
by a method suggested by the proof of Proposition V.3.1]. Note that C*(Ss <8> 
M P (C)) = C*(S S ) O M P (C). Let {/-.. Jf , , C M p (C) be the standard matrix units 
for M P (C), and let = 1 ® € C*(S) ® M P (C). Because W is irreducible, 
w fc > for all k. Note that \W\ = [W*W) 1 ' 2 G C*(W) is the diagonal operator 
matrix \W\ — X)fc=i w kFkk- Now let / G C [i] be any polynomial for which /(u>i) = 
• • • = f{uip-\) = and f(w p ) — 1 (here is where we use that W is distinct); then 

F„ = f(\W\)eC*(W). 

Now for any i,j G {1, . . . 



% F W P ~ J — a-F- 



where > is a product of weights wi. Thus, C*(W) contains each of the matrix 
units Fij. Moreover, S <g> E n = ^F lp WF p i G C*(W). By multiplying SgiEu on 
the left and right with appropriate matrix units -F^ we obtain S (g) 2?jj G C*(VF) 
for every z and j. Hence, S S ®M P (C) C C*(W) and so C*(5 s ®M p (C)) = C*(V7). 

Because S is a proper isometry, Proposition 14.121 states that C*(Ss) = C(T). 
Hence, there is an epimorphism it : C*(Ss) — > C(T) such that 7r|,s s is a completely 
isometric linear map that maps S to the function z G C(T) given by z(e te ) — 
e l9 . Due to the fact that C(T) is abelian, it is easy to see that 7r = when 
restricted to the compact operators. Let p = 7r<S>idM„i which is an epimorphism of 
C*(S S ) «)Mp(C) onto C(T) 
isometric map. Therefore, i 
into C(T) (g)M p (C): 

C*(5 W ) — + C(T) <8 Afp(C) . 



M P (C) such that p|s s! g>Mp(C) i s a unital completely 
= p\g w is a completely isometric embedding of Sw 



S 



Under this embedding i, W is mapped to the matrix 





l{W) 



w 1 



W-2 





W v -1 







Because p is onto, the C*-algebra C(T) (g> M P (C) is generated by S L (w), the com- 
pletely isomorphic copy of Sw- 

Hence, we need no longer work with W and C*(W), but may instead study S^w) 
and C*(t(W)). In this regard, we show that the Silov boundary ideal of S L (w) is 
{0}, which implies that 

C* C (S W ) = C* C (S L(W) ) = C*(S L(W) ) = C(T) ® M P (C) . 

This is achieved by showing that every irreducible representation of C(T) (g> M P (C) 
is a boundary representation for S L twy 

To this end, observe first that the irreducible representations of C(T) (g> M P (C) 
are determined by points A G T and are of the form 



tt a : C(T) ®M P ( 



M„(C) 
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where fkj 6 C(T). For each A G T let £l\ £ M P (C) denote the (irreducible) 
matrix D, x = n\(i(W)). By [6j Theorems 3.9, 3.10], the C*-convex hull of the set 
: A € T} is precisely the set 2B P of all matrices of the form &(l(W)), where 
$ : C(T) (g) M p (C) — > M p (C) is an arbitrary ucp map, i.e. 

2B P = {$(l(W)) : $ : C(T) ® M p (C) -> M P (C) ucp }. 

Because every Q\ is irreducible, every structural element of W p is unitarily equiv- 
alent to some ft\, by Morenz's Krein-Milman Theorem [18l Theorem 4.5]. Hence, 
for at least one Ao S T the matrix fl\ is a C*-extreme point of 2B P . We now 
show that for this particular Ao the irreducible representation n\ is a boundary 
representation for S^wy 

The BW-compact set C\ of all ucp maps ip : C(T) ® M P (C) -> M P (C) that 
extend 7rx is convex; thus, it is sufficient to show that if 4> is an extreme point 
of C\ , then cf> = tt\ . Because C*-extreme points of matrix sets are also extreme 
points, ft\ is an extreme point of 2B p . Hence, by a standard convexity argument, 
the extreme point <j) of C\ is also an extreme point of the set of all ucp maps 
i? : C(T) (gi M p (C) —> M p (C). Now we write <f> = V*ttV using a minimal Stinespring 
decomposition, where V is an isometry C p —} and 7r : C(T) ® M p (C) — ► BI^H^) 
for some Hilbert space T-L n . By [2 Theorem 1.4.6], the subspace VC P C 7{„ is 
faithful for the commutant of tt(C(T) M p (C)). Hence, tt(C(T) ® Af p (C))^C p 

m 

is dense in TL^, and so H T is finite-dimensional. Thus, we can write it = ^^^j 

i=i 

as a decomposition into a finite direct sum of irreducible (sub)representations nj, 
where H 7rj C Tin is a subspace. Then each Pj — 7Tj(l) is a central projection in 

m 

7r(C(T) ® M P (C))', and ^ P,- = 1 in 

3=1 

Because the spectrum of the C*-algebra C(T)<g>M p (C) is T, for eachj = l,...,m 
there is a A.,- S T such that ttj = Ti\ j . Therefore, we can write, for / 6 C(T)®M P (C), 



</>(/) = = J V = E( P ^)*^ 3 (/)(P^) 

Note that 

m m 

(i) = E ^ y = = L 

3=1 3=1 

If £ G C p is a unit vector we define, for nonzero PjV£, £j = ||Pjy£|| _1 PjV£; 
otherwise we let £j =0. Then 

m 

(0 Ao e,£) - (0(t(WO)e,O =£KWW0)P;^,P;^> 

3=1 

m 
3=1 
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The equality in ([T]) implies that Y^jLi \\PjV£,\\ 2 = 1 (i- e - they are convex coeffi- 
cients), and so we obtain 

(m 
(J W(il x 

If C, v £ T are arbitrary, then the moduli of the weights in the shift matrices VLq and 
£l u coincide; thus, VLq and Q v have the same numerical radius |22[ Lemma 2(2)]. 
Hence, there is a constant r > such that the numerical radius of is r for every 
( £ T. Furthermore, for any £ £ T, 

W(n c ) n rT = : fc = l,...,p}, 

where w £ C is a primitive p-th root of unity [221 Proposition 3]. Thus, there 
are exactly p extreme points of the numerical range of any on the circle rT. 
Hence, the only way in which the inclusion ([2]) can hold is if Xj = Xq for every j. 
Consequently, 

m m 
3 = 1 3=1 

Now because Q\ is an irreducible C* -extreme point of W p , the expression above 
for ri\ holds only if there are unitaries Ui, . . . , U m 6 M p (C) and convex coefficients 
tj £ (0, 1) such that PjV = t) /2 U 3 [H Corollary 1.8]. Thus, 

m 
3=1 

However, every matrix is an extreme point of the convex hull of its unitary orbit 
and so U*£l\ Uj — for each j. As fl\ is irreducible, each Uj is the identity 
and so 

m mm 
J'=l 3=1 3 = 1 

This completes the proof that tt\ is a boundary representation for at least one 
A e T. 

Note that we have 

2B P = {$(W) : $ : C*(W) -> M p (C),ucp, <£(if) =0VXe C*(W) n £(«)}• 

Indeed, for $ as above, using that i is a complete isomctry we can define the ucp map 
$ = lor 1 : <S t (v^) — > M P (C) and then extend by Arveson's Extension Theorem 
to C*(t(W)) = C(T) (g) M P (C). By construction, $(i(W)) = Conversely, if 

$ : C(T) (g) M P (C) -> M p (C) is ucp, we can define $ = $ o t. As both $ and t 
are ucp, so is $ and we can extend it using Arveson's Extension Theorem to all of 
C*(W). For any K £ C*(W) n /C(H) we have t{K) = 0, and so by construction, 
$(K) = 0. 

If 8 £ K, then e W is unitarily equivalent to VF; indeed, if we note that e %F S 
is an isometry, then by the Wold decomposition there is a unitary V such that 
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e lpe S = VSV* (one can write this unitary explicitly: it is the diagonal unitary in 
B(£ 2 (N)) with diagonal (1, e zp9 , e 2lpf> , . . .))■ Let U be the block-diagonal unitary 



U 



V 



V 



JliS 



V 



,(p-l)i6y 



A straightforward computation then shows that UW = e WU, and so UWU* = 
e l9 W . We conclude that 2U P is closed under multiplication by scalars of modulus 
1. 

Now select an arbitrary A' £ T. We aim to show that 7ry is a boundary repre- 
sentation. To do so, by the method of proof above applied to tt\ it is sufficient to 
show that fly is an irreducible C*-extreme point of 2U p . Because the weighted shift 
matrix Q\/ differs from £l\ in the (l,p)-entry only, and because |A'| = |Ao|, there 
are a unitary V £ M P (C) and a 6 £ K such that e ie Q X ' = (U')*tt Xo U' [221 Lemma 
2(2)]. As C*-extreme points are closed under unitary similarity and because Q\ is 
C*-extremal in 2U p , we deduce that e te fly is a C*-extreme point of 2U p . That is, 
Q\' is a C*-extreme point of e~ ie W p = 2H P . 

Hence, the boundary representations for Sw are precisely the irreducible rep- 
resentations of G*(W) of the form tt\ o tt, for all A £ T, which is to say that 
C* e {S w ) = C(T) ® Mp(C) and & Sw = K (^ 2 (N)). □ 
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